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INFINITE FAMILY OF ELLIPTIC CURVES OF RANK AT
LEAST 4
BARTOSZ NASKRCKI
Abstrat. We investigate Q-ranks of the ellipti urve Et: y
2 + txy = x3 +
tx2 − x+1 where t is a rational parameter. We prove that for innitely many
values of t the rank of Et(Q) is at least 4.
1. Introdution
It is of fundamental interest to nd families of ellipti urves parametrized by
a rational parameter with ranks higher than a presribed onstant f. [3℄. In this
paper we investigate the family of urves:
(1.1) Et : y
2 + txy = x3 + tx2 − x+ 1
with parameter t ∈ Q. We prove the following
Theorem 1.1. For innitely many u ∈ Q the ellipti urve over Q given by the
ane equation E(u2−u−3) : y
2 + (u2 − u− 3)xy = x3 + (u2 − u− 3)x2 − x+ 1 has
the Mordell-Weil group of rank at least 4. More preisely, the group E(u2−u−3)(Q)
ontains the subgroup spanned by the following linearly independent points:
(0, 1), (1, 1), (u, u+ 1),
(
1
9
,
1
54
(9 + 3u− 3u2 + v)
)
where the point (u, v) lies on the ellipti urve given by the equation:
2569 + 18u− 9u2 − 18u3 + 9u4 = v2.
The latter urve has the Weierstrass model:
(1.2) y20 = x
3
0 − 92835x0 + 1389150
whih denes ellipti urve over Q with the Mordell-Weil group of rank 2, spanned
by the points:
(−309, 756), (−45, 2340), (15, 0)
We have heked that the urves E(u2−u−3) have dierent j-invariant for all but
nitely many u ∈ Q as in the statement of the theorem.
In [1℄ Brown and Myers onstruted an innite family of ellipti urves over Q
with quadrati growth of parameter and the rank of the Mordell-Weil group at
least 3. They proved the linear independene of lasses in E(Q)/2E(Q) for urves
E with trivial torsion. We investigate the question posed at the end of the paper
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[1℄ to nd families of ellipti urves with the rank of the Mordell-Weil group higher
than 3.
With the family dened in Theorem 1.1 we obtained rank 4 at ost of using
Mordell's Conjeture,i.e. theorem of Faltings. In [2℄ Rubin and Silverberg also
obtained an innite family of twists of ellipti urves over Q of rank 4. The method
of [2℄ relies on Silverman's speialization theorem f. [5℄. The investigated urves
are in Legendre's form. The families are parametrized by projetive line or by
ellipti urve of rank 1. The twists are parametrized by another ellipti urve of
rank 1.
In Theorem 1.1 the parametrization of the family is given by the ellipti urve of
rank 2 and we use a single parameter instead of two. Our methods are more elemen-
tary and in some plaes more expliit, sine we don't use speialization theorems
and the oeients of the family are at most quadrati.
Remark 1.2. We an extend the result stated in Theorem 1.1 following [4℄. Let
Λ(E/Q, s) be the omplete L-series of the ellipti urve over Q. Denote byW (E) ∈
{±1} the root number in the funtional equation:
(1.3) Λ(E, 2− s) = W (E)Λ(E, s)
The Parity Conjeture predits that:
(1.4) (−1)rankE(Q) = W (E)
In our partiular ase we an ompute the root numberW (Eu) for the spei urves
Eu and determine the parity of the rank of group Eu(Q). Sine the omputations
an be done expliitly using primes of bad redution of Eu (for example using
SAGE) we state the numerial results in Setion 4. Assuming Parity Conjeture
we onstrut several ellipti urves over Q that have rank at least 5 (Table 5).
2. Desription of the algorithm
There are two obvious points lying on the urve (1.1), namely:
(0, 1), (1, 1) ∈ Eu(Q(u))
We produe with several points with oordinates in the ring Z[u]:
− (0, 1) = (0,−1)
−(1, 1) = (1,−u− 1)
(0, 1) + 2(1, 1) = (−u+ 1,−1)
(0, 1) + (1, 1) = (−u− 1, u2 + u− 1)
(0, 1)− (1, 1) = (u+ 3, 2u+ 5)
−(0, 1) + (1, 1) = (u+ 3,−u2 − 5u− 5)
−(0, 1) + 2(1, 1) = (u+ 5, 2u+ 11)
2(1, 1) = (−1, u+ 1)
In order to nd more points on the urve (1.1) we speialize parameter u to a
polynomial funtion of another parameter v ∈ Q:
u(v) = anv
n + . . .+ a1v + a0
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where ai ∈ Q. To get a rational point on the urve (1.1) with x-oordinate av + b
and a, b ∈ Q it is neessary and suient:
(2.1) ∆(v) = 4(−1 + b+ av)2(1 + b+ av) + (2 + u(v))2(b+ av)2
is a perfet square.
Lemma 2.1. Let P = (x, y) be a rational point on the urve Eu(v) over Q(v)
where u(v) = anv
n+ . . .+a1v+a0 ∈ Q[v] of positive degree. Let x = av+ b ∈ Q[v].
Sine a 6= 0 it follows that:
(i) deg(u) = 1 =⇒ P = k(0, 1) + l(1, 1) for some k, l ∈ Z
(ii) deg(u) = 2 =⇒ P = (x, x + 1) and u = x2 − x − 3 or P = (x, x − 1) and
u = −x2 + x+ 1
(iii) For any u(v) with deg(u) > 2 there is no rational point with x-oordinate
equal to av + b ∈ Q[v] with a 6= 0.
Proof. Assume u = u(v) = a1v + a0 and a1, a 6= 0. Put ∆(v) = (q2v
2 + q1v + q0)
2
and omparing oeients of (2.1) and P (v) in desending order we nd:
q2 = ǫaa1
q1 =
2a2 + 2aa1 + aa0a1 + ba
2
1
ǫa1
q0 =
−2a3 − 4a2a1 − 2a
2a0a1 − 2aa
2
1 + 4aba
2
1 + 2ba
3
1 + ba0a
3
1
ǫa31
for ǫ = ±1. Equating the last two oeients gives two equations in variables
a1, a0, a, b:
R1(a, b, a0, a1) = −a
6 − 4a5a1 − 2a
5a0a1 − 6a
4a21 + 4a
4ba21 − 4a
4a0a
2
1
−a4a20a
2
1 − 4a
3a31 + 10a
3ba31 − 2a
3a0a
3
1 + 5a
3ba0a
3
1 − a
2a41
+8a2ba41 − 4a
2b2a41 + 4a
2ba0a
4
1 + a
2ba20a
4
1
+2aba51 − 4ab
2a51 + aba0a
5
1 − 2ab
2a0a
5
1 + a
6
1 − ba
6
1 − b
2a61 + b
3a61 = 0
R2(a, b, a0, a1) = 2a
4 + 6a3a1 + 3a
3a0a1 + 6a
2a21 − 3a
2ba21 + 4a
2a0a
2
1
+a2a20a
2
1 + 2aa
3
1 − 4aba
3
1 + aa0a
3
1 − 2aba0a
3
1 − a
4
1 − ba
4
1 + b
2a41 = 0
The ideal I = I(R1, R2) of the equations an be rearranged to the form of the
Gröbner basis I = I(a9 − 2a7a21 + a
5a41, R
′
1, . . . , R
′
18) with R
′
i = R
′
i(a, b, a0, a1). It
implies a = ±a1. For a = a1 the equations redue to:
a0 = −3 + b
or
a0 = −5 + b.
For t = av+ b− 3 or t = av+ b− 5 we get points (t+3, 5+ 2t), (t+3,−5− 5t− t2)
and (t + 5, 11 + 2t), (t + 5,−11 − 7t − t2) respetively. If u = t all these points
are linear ombinations of (0, 1) and (1, 1) as on the list above. For a = −a1 the
equations redue to:
a0 = −1− b
or
a0 = 1− b.
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For t = −av− b− 1 or t = −av− b+1 we get points (−t− 1, 1), (−t− 1,−1+ t+ t2)
and (−t+1,−1), (−t+1, 1− t+ t2) respetively. Again for u = t all points are the
linear ombinations of (0, 1) and (1, 1).
Assume u = u(v) = a2v
2+a1v+a0 and a1, a 6= 0. Put P (v) = (q3v
3+ q2v
2+ q1v+
q0)
2
. Comparing oeients of (2.1) and P (v) implies:
q3 = ǫaa2
q2 =
aa1 + ba2
ǫ
q1 =
2a+ aa0 + ba1
ǫ
q0 =
2a2 + 2ba2 + ba0a2
ǫa2
with ǫ = ±1. This gives:
a1 =
(−1 + 2b)a2
a
a3 (2 + a0) + a
(
1 + b− b2
)
a2 = 0
a2 = λa2
with λ = ±1. It implies u(v) = −2 − λ − tλ + t2λ, where t = av + b. In this way
we get two distint families:
Table 1. Families
Point Parameter u
Family A (t, t+ 1) t2 − t− 3
Family B (t, t− 1) −t2 + t+ 1
Consider u(v) as a polynomial in v of degree n > 2 then deg(∆) = 2n + 2 so we
look for the polynomial P (v) of degree n+ 1. We put:
a∗i = ai
q∗j = qj
for 0 < i ≤ n and 0 ≤ j ≤ n+ 1,a∗0 = a0 + 2. For other i, j put:
a∗i = 0
q∗j = 0
We prove by indution the following formula:
q∗j = ǫ(aa
∗
j−1 + bb
∗
j )
using the identities:
cj(∆) = a
2
∑
j=α+β
a∗αa
∗
β + 2ab
∑
j+1=α+β
a∗αa
∗
β + b
2
∑
j+2=α+β
a∗αa
∗
β
cj(P
2) =
∑
j=α+β
q∗αq
∗
β
for j = n+1, ..., 2n+2, where cj(a0+a1x+ . . .+anx
n) = aj.It follows from ∆ = P
2
:
cj(∆) = cj(P
2).
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We substitute the oeients q0 = ǫ(2b+ ba0) and q1 = ǫ(a(a0 + 2) + ba1) into the
identities above with j = 0, 1, 2 and we get b2 = 1 and nally a = 0, a ontradition.
This ompletes the proof of the lemma. 
By Lemma 2.1, we an speialize to one of the quadrati parameters, sine the
families given by Table 1 have similar properties. By abuse of notation, we use the
same letter u2 − u − 3 for the parameter u. From now on the urve Eu will be
dened by the equation:
y2 + (u2 − u− 3)xy = x3 + (u2 − u− 3)x2 − x+ 1.
For simpliity of notation, we write f(x, y, u) = 0 instead of the equation above.
The point (u, u+ 1) lies on these urves and gives several new integral points over
Q[u]:
− (u, u+ 1) = (u,−u3 + u2 + 2u− 1)
(0, 1) + (u, u+ 1) = (−u+ 1, u3 − 2u2 − u+ 1)
(1, 1)− (u, u+ 1) = (u3 − 2u, u4 + u3 − 3u2 − 2u+ 1)
2(1, 1) + (u, u+ 1) = (−u3 + 4u2 − 6u+ 4, u5 − 6u4 + 14u3 − 17u2 + 10u− 1)
In order to nd the fourth linearly independent rational point on the urve Eu we
onsider the following general algorithm:
(1) Choose two rational funtions a(x), b(x) ∈ Q(x).
(2) Set the simultaneous equations of the form:
f(a(u), ya(u), u) = 0
f(b(u), yb(u), u) = 0
(3) Find suh a(x), b(x) that ya(x), yb(x) ∈ Q(x).
(4) Suient and neessary ondition for ya, yb to be rational is that the dis-
riminant of the quadrati equation f(a(x), ya, x) = 0 in ya is a perfet
square. The same ondition holds for the equation in yb.
(5) Find all rational points (the triples (u, s, t) ∈ Q3 on the ane urve):
∆f(a(x),ya,x)=0(u) = s
2
(2.2)
∆f(b(x),yb,x)=0(u) = t
2
where ∆f(a(x),ya,x)=0(x),∆f(b(x),yb,x)=0(x) ∈ Q[x]
We pik now a(x) = x and b(x) = c. The rst equation (2.2) redues to:
(2− u− u2 + u3)2 = s2
while the seond gives:
4− 4c− 3c2 + 4c3 + 2c2u− c2u2 − 2c2u3 + c2u4 = t2.
We hoose suh a c ∈ Q that it denes the ellipti urve in quarti form with
innitely many points (u, t). Diret searh with u ∈ N reveals that for u = 7 we
have on the urve E7 four linearly independent points:
(0, 1), (1, 1), (7, 8), (
1
9
,
8
27
)
though we put c = 19 (as in the statement of Theorem 1.1).
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3. Proofs
In order to prove Theorem 1.1 we will need the following elementary lemma:
Lemma 3.1. Let M be a left Z−module. Given any b ∈M suppose that a1, . . . , ak ∈
M are linearly independent over Z and the nonzero osets [a1], . . . , [ak] ∈ M/2M
are linearly independent over F2. If [b] /∈ 〈[a1], . . . , [ak]〉 and M [2] = 0, two-torsion
of M is trivial, then b, a1, . . . , ak are independent over Z in M.
Proof. Suppose, ontrary to our laim, that there exists α1, . . . , αk, β ∈ Z,not all
zero, suh that:
βb + α1a1 + . . .+ αkak = 0.
We an assume that β is the least positive integer for whih the last equation holds.
If β is odd:
[βb] = [b]
and
[b] = [α1a1 + . . .+ αkak]
whih is a ontradition. If β is even:
[0] = [α1a1 + . . .+ αkak]
The linear independene of osets [ai] over F2 implies that all αi are even. So it is
possible to write:
β′b = α′1a1 + . . .+ α
′
kak
where 2β′ = β and 2α′i = αi. Again the ontradition with the minimality of β. 
Let M = Eu(Q). First we ompute the rational 2-torsion for the urve Eu. For
a point P = (x, y) on the urve y2 + (u2 − u− 3)xy = x3 + (u2 − u− 3)x2 − x+ 1
the negative is equal:
−P = (x, (−u2 + u+ 3)x− y)
We nd the following ondition for the point to be a 2-torsion point:
1− x+
1
4
(4(−3− u+ u2) + (−3− u+ u2)2)x2 + x3 = 0
Computing with Maple we nd that the equation denes a hyperellipti urve of
genus 2. With substitutions:
x0 =
−1− ux+ xu2
x− 1
(3.1)
y0 = −4x+ 8ux(3.2)
the urve transforms birationally into the form:
(3.3) y20 = −55 + 192x0 − 114x
2
0 + 68x
3
0 − 15x
4
0 + 4x
5
0.
Lemma 3.2. For all but nitely many u ∈ Q the rational 2-torsion of ellipti urve
Eu over Q is trivial.
Proof. This is an immediate orollary of the above alulation and Mordell's on-
jeture proven by Faltings, sine the urve (3.3) has nonsingular model and the
genus is 2. 
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Proof of Theorem 1.1. In order to prove Theorem 1.1 we hek if the apropriate
points and their linear ombinations belong to 2Eu(Q). Given a Q-rational point
P = (x, y) on the urveEu overQ we have the following formula for the x-oordinate
of the point 2P :
x(2P ) =
4− 2u+ u2 + 2u3 − u4 − 8x+ 2x2 + x4
4− 4x+ (−3 + 2u− u2 − 2u3 + u4)x2 + 4x3
.
To ease notation dene:
Pε1,ε2,ε3 = ε1(0, 1) + ε2(1, 1) + ε3(u, u+ 1)
If for u ∈ Q there exists a rational point (19 , y) on the urve Eu and y is one of two
values:
y =
1
54
(9 + 3u− 3u2 ±
√
2569 + 18u− 9u2 − 18u3 + 9u4)
then we put:
Qε1,ε2,ε3,ε4 = ε1(0, 1) + ε2(1, 1) + ε3(u, u+ 1) + ε4(1/9, y)
where εi ∈ {−1, 0, 1}. The proof separates naturally into two distint parts. In the
rst part we establish the riteria for whih the equations:
Pε1,ε2,ε3 = x(2P )
and
Qε1,ε2,ε3,ε4 = x(2P )
have solutions in pairs of rational numbers (u, x) (reall that P = (x, y) lies on Eu).
In the seond part of the proof we gather information to nd the innite subset of
Q of parameters u for whih the rank is at least 4. To use Lemma 3.1 we must
onsider the tuples:
(3.4) (ε1, ε2, ε3) ∈ {(1, 0, 0), (0, 1, 0), (0, 0, 1), (1, 1, 0), (0, 1,−1), (1, 0, 1), (1, 1, 1)}
Assume that (19 , y) is Q-rational. We onsider:
(3.5) (ε1, ε2, ε3, ε4) ∈ {(0, 0, 0, 1), (1, 0, 0, 1), (0, 1, 0, 1),
(0, 0, 1, 1), (1, 1, 0, 1), (0, 1,−1, 1), (1, 0, 1, 1), (1, 1, 1, 1)}
The tuples with negative entries were hosen to lower the genera of orresponding
urves. Sine we work mod 2E(Q) the tuples an be hosen quite arbitrarily. We
ompute genera of urves using genus ommand from algurves pakage in Maple
12. We onsider the following separate ases:
Case I: (ε1, ε2, ε3) = (1, 0, 0)
The tuple implies the following equation:
(3.6)
4− 2u+ u2 + 2u3 − u4 − 8x+ 2x2 + x4
4− 4x+ (−3 + 2u− u2 − 2u3 + u4)x2 + 4x3
= 0
Sine (0, 1) 6= O, the point at innity, then the denominator is nonvanishing and:
4− 2u+ u2 + 2u3 − u4 − 8x+ 2x2 + x4 = 0
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It denes an ellipti urve of rank 1. By the following formulas:
x0 =
1
3 (u2 − u− 1)
(12u4 − 12u3x− 36u3 + 12u2x2 + 30u2x
+ 35u2 − 12ux3 − 24ux2 − 42ux+ 61u+ 18x3 + 6x2 + 36x− 113)
y0 = −
1
u2 − u− 1
(2(8u5 − 8u4x− 32u4 + 8u3x2 + 28u3x
+ 44u3 − 8u2x3 − 24u2x2 − 39u2x+ 9u2 + 20ux3
+ 20ux2 + 43ux− 101u− 19x3 − 11x2 − 54x+ 122))
the equation transforms to the short Weierstrass form:
y20 = x
3
0 +
359
3
x0 +
3130
27
.
The Mordell-Weil group of this ellipti urve is generated by the point (533 , 88).
Hene in the original form the generator is equal to (u, x) = (12 ,
1
2 ). Similar alu-
lations and omputation with Maple of the genus are summarized in the table (2).
Assume now that we are given a point (19 , y) rational, lying on the urve Eu for a
Table 2. Other urves
(ε1, ε2, ε3) genus
(1, 0, 0) 1
(0, 1, 0) 3
(0, 0, 1) 2
(1, 1, 0) 3
(0, 1,−1) 4
(1, 0, 1) 2
(1, 1, 1) 4
suitable u ∈ Q.
Case II: (ε1, ε2, ε3, ε4) = (0, 0, 0, 1)
(3.7)
−u4 + 2u3 + u2 − 2u+ x4 + 2x2 − 8x+ 4
(u4 − 2u3 − u2 + 2u− 3)x2 + 4x3 − 4x+ 4
=
1
9
The equation above denes ane urve of genus 5.
Case III: (ε1, ε2, ε3, ε4) = (1, 0, 0, 1)
(3.8)
−u4 + 2u3 + u2 − 2u+ x4 + 2x2 − 8x+ 4
(u4 − 2u3 − u2 + 2u− 3)x2 + 4x3 − 4x+ 4
= −9u2 + 9u− 162y + 180
From the equation of the urve Eu we an nd the following formula:
y =
1
54
(
−3u2 + 3u+ v + 9
)
v = ±
√
2569 + 18u− 9u2 − 18u3 + 9u4
Using these relations we an assume that if a point (x,u) lies on the urve dened
as in (3.8) then it also lies on the urve:
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(3.9) 9(9u4 − 18u3 − 9u2 + 18u+ 2569)(u4x2 − 2u3x2 − u2x2
+ 2ux2 + 4x3 − 3x2 − 4x+ 4)2 − (153u4x2
+ u4 − 306u3x2 − 2u3 − 153u2x2 − u2
+ 306ux2 + 2u− x4 + 612x3 − 461x2 − 604x+ 608)2 = 0
This urve has genus 9. The rest is omputed in a similar way (f. Table 3). In the
Table 3. Other urves
(ε1, ε2, ε3, ε4) genus
(0, 0, 0, 1) 5
(1, 0, 0, 1) 9
(0, 1, 0, 1) 13
(0, 0, 1, 1) 19
(1, 1, 0, 1) 13
(0, 1,−1, 1) 15
(1, 0, 1, 1) 11
(1, 1, 1, 1) 28
last step of the proof we show for whih u ∈ Q the point (19 , y) is Q-rational. It is
straightforward to ompute the root y:
−
649
729
+
1
81
(
3 + u− u2
)
+
1
9
(
−3− u+ u2
)
y + y2 = 0
y =
1
54
(
9 + 3u− 3u2 ±
√
2569 + 18u− 9u2 − 18u3 + 9u4
)
Hene y ∈ Q if and only if 2569 + 18u − 9u2 − 18u3 + 9u4 is a full square. This
ondition denes the ellipti urve in a quarti form. It is birational to ellipti urve
in the Weierstrass form:
y20 = x
3
0 − 92835x0 + 1389150.
The Mordell-Weil group of the urve has rank 2. The torsion subgroup is isomorphi
to Z/2. Generators of the free part are (x0, y0) = (−309,−756), (390,−4950) and
the generator of the torsion subgroup is (15, 0). In the quarti form they orrespond
to: (
1
9
,
1369
27
)
,
(
27
10
,
−5173
100
)
, (−6,−133)
respetively.
Consider the urve y2+uxy = x3+ux2−x+1. The only ritial value whih gives
an innite subset of parameters u ∈ Q was obtained from doubling the point (0, 1).
We onsider this ase if the point (19 , y) on the urve y
2 + uxy = x3 + ux2 − x+ 1
is Q-rational. Solving the quadrati equation gives:
y =
1
54
(
−3u±
√
2596 + 36u+ 9u2
)
.
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The point (0, 1) is a double and (19 , y) is a rational point when we have the rational
point on the urve:
s2 = 2596 + 36u+ 9u2(3.10)
0 = 1− 4u− u2 − 8x+ 2x2 + x4.(3.11)
Parametrization of the rst equation gives:
u =
2596− t2
6t− 36
(3.12)
s =
t2 − 12t+ 2596
2t− 12
(3.13)
with a new parameter t ∈ Q\{6}. Substituting into the seond equation gives the
urve:
(3.14) (−6364096− 62736t+ 5084t2 + 24t3 − t4 − 10368x
+ 3456tx− 288t2x+ 2592x2 − 864tx2 + 72t2x2
+ 1296x4 − 432tx4 + 36t2x4)
This urve has genus 3, so it has nitely many rational points. Speializing to a
parameter u2 − u − 3 we obtain that there are only nitely many u ∈ Q for whih
(0, 1) is a double while (19 , y) is Q-rational. From the innite family of parameters
u hosen from the rst oordinate of the ellipti urve over Q:
2569 + 18u− 9u2 − 18u3 + 9u4 = v2
we have exluded only nitely many u due to the doubling restritions given in
Table 2 and Table 3. It remains to show that the j-invariant of the urve Fu :
y2 + uxy = x3 + ux2 − x+ 1 repeats itself for nitely many u ∈ Q. We ompute:
(3.15) j(Fu) = −
(48 + u2(4 + u)2)3
(2 + u)2(92 + (−1 + u)u(4 + u)(5 + u))
Hene the equation:
j(Fu) = j(Fv)
denes an ane urve with oordinates (u, v) whih has genus 11 aording to
omputations in Maple. This implies that speializing the parameter u to u2−u−3
gives a urve with nitely many points. 
4. Numerial results
4.1. General statistis. We show the statistis of ranks for the family of urves:
y2 + uxy = x3 + ux2 − x+ 1
with parameter u ∈ N. All omputations were performed with SAGE 3.4 with
mwrank proedure. For some points there is no proof for the upper bound of the
rank (in that ase the value is exluded). We an ompute the perentage of urves
of eah type (Table 4). More interesting is the plot of urves of rank 3 (Figure 2)
whih shows that progression for urves of rank 3 is almost linear. It suggests that
we an use the general algorithm from the introdution to state another version of
the main theorem 1.1 and nd many more innite families of ellipti urves over Q.
INFINITE FAMILY OF ELLIPTIC CURVES OF RANK AT LEAST 4 11
Figure 1. Rank statistis
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1
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4
Table 4. Curves of ertain ranks
rank perentage
1 1%
2 41%
3 45%
4 7%
unproven 6%
Figure 2. Curves of rank 3
20 40 60 80 100
50
100
150
200
4.2. Expliit version of the main theorem. The statement of the theorem
requires removing a nite subset of 'bad rational points' due to Falting's Theo-
rem(Mordell's Conjeture). The upper bound of heights of this points is hard to
obtain. We shall give an expliit and eetive version of the main result of this pa-
per. However for rational points on the urve (1.2) with low height we an ompute
the expliit table of orresponding ellipti urves Eu over Q of rank at least 4. The
urve:
(4.1) C1 : y
2
0 = x
3
0 − 92835x0 + 1389150
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is mapped to the urve:
(4.2) C2 : 2569 + 18u− 9u
2 − 18u3 + 9u4 = v2
via the map:
φ : C1 −→ C2
where φ(x0, y0) = (u, v) is given by the formulas:
u =
565605+ x0(−948 + 7x0) + 266y0
(−1551 + x0)(45 + x0)
v =
1
(−1551 + x0)2(45 + x0)2
(133(92385+ (−30 + x0)x0)(−115425 + x0(1536 + x0)) +
234(−3922935+ x0(9010 + 41x0))y0)
and dened at the points (−45, 2340),(−45,−2340), (1551, 59904), (1551,−5990),
∞C1 :
φ(−45, 2340) =∞C2
φ(−45,−2340) = (−
10898
5187
,−
477412081
8968323
)
φ(1551, 59904) =∞C2
φ(1551,−59904) = (
16085
5187
,
477412081
8968323
)
φ(∞C1) = (7, 133)
for ∞C1 - the point at innity C1 and analogously for C2. The map is regular
at every point of C1 so it is a morphism of urves. For the onverse we have the
mapping:
ψ : C1 −→ C2
where ψ(u, v) = (x0, y0) with:
x0 =
5117− 948u+ 753u2 + 266v
(−7 + u)2
y0 =
266(5201+ 9u(−4 + u(−22 + 13u))) + 2(1799 + 4797u)v
(−7 + u)3
whih is not regular at the point ∞C2 and is dened at the points (7, 133) and
(7,−133):
ψ(7, 133) =∞C1
ψ(7,−133) = (−
3628425
17689
,
8081948160
2352637
)
If we dene sets:
A = C1\{(−45, 2340), (1551, 59904)}
B = C2\{∞C2}
Then we have:
φ ◦ ψ = idA
ψ ◦ φ = idB
We now give the expliit table of urves of rank at least 4 as stated in the main
theorem. If we assume the Parity Conjeture we an show that some of them have
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atually the rank at least 5. Let Eu : y
2+(u2−u−3)xy = x3+(u2−u−3)x2−x+1
and P1 = (−309, 756), P2 = (−45, 2340), T = (15, 0) - the points spanning the
group C1(Q). From the omputations above we an assoiate uniquely a pair (u, v)
on C2 orresponding to the point αT +β1P1+β2P2. We abbreviate this as (u, v)↔
(α, β1, β2). We dene the following funtions:
• R(u) is the regulator of points (0, 1), (1, 1), (u, u+1),
(
1
9 ,
1
54 (9 + 3u− 3u
2 + v)
)
• N(u) is the ondutor of the urve Eu
• j(u) is the j-invariant of Eu
• W (u) is equal to the global root number W (Eu/Q).
All the omputations were performed for the minimal model of eah urve. For
Table 5. Curves of rank 4 and 5
(α, β1, β2) R(u) N(u) j(u) W(u) Rank
( 0 , -2 , -2 ) 253637.08 7.42× 10117 -4382.17 -1 ≥ 5
( 0 , -2 , -1 ) 53400.57 4.79× 1079 −1.39× 106 1 ≥ 4
( 0 , -2 , 0 ) 16681.20 5.69× 1059 −4.14× 1011 -1 ≥ 5
( 0 , -2 , 1 ) 23528.39 1.89× 1064 −1.11× 1016 1 ≥ 4
( 0 , -1 , -2 ) 117347.77 1.22× 1095 −4.66× 1019 1 ≥ 4
( 0 , -1 , -1 ) 6398.35 2.46× 1046 −7.42× 108 1 ≥ 4
( 0 , -1 , 0 ) 28.40 4.13× 1012 -1255.79 1 ≥ 4
( 0 , -1 , 1 ) 0.0 6.54× 1011 -1264.95 1 -
( 0 , 0 , -2 ) 138113.04 6.46× 1098 -912.11 -1 ≥ 5
( 0 , 0 , -1 ) 4697.68 1.21× 1043 -20742.18 1 ≥ 4
( 0 , 0 , 0 ) 8.61 57482738.0 −4.72× 109 1 ≥ 4
( 0 , 1 , -2 ) 608830.99 3.64× 10145 −4.45× 1019 1 ≥ 4
( 0 , 1 , -1 ) 56796.71 1.80× 1081 −3.75× 1010 -1 ≥ 5
( 0 , 1 , 0 ) 1301.45 8.98× 1031 -200862.89 -1 ≥ 5
( 0 , 1 , 1 ) 0.0 6.54× 1011 -1264.95 1 -
the last tuple the regulator is equal to 0 beause the tuple orresponds to u = 19
for whih the fourth point from the statement of Theorem 1.1 oinides with the
third point. For the tuple (0,−1, 1) (when u = 8/9) the fourth point is linearly
dependent on the other three points. Moreover the urves orresponding to these
tuples are isomorphi over Q.
Remark 4.1. We an nd in the family Eu urves of unonditional rank at least
ve. The urve E16 : y
2 + 239xy = x3 + 239x2 − x+ 1 is a urve of unonditional
rank ve. The set of generators of the non-torsion part is given by:
(0, 1), (1, 1), (16, 17), (−14/25, 16661/125), (52/81, 469/729)
We an show that for c = −14/25 the assoiated auxiliary ellipti urve from
Theorem 1.1:
4− 4c− 3c2 + 4c3 + 2c2u− c2u2 − 2c2u3 + c2u4 = t2
has rank 4 over Q. This might lead to alternative formulation of Theorem 1.1.
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